Introduction
Knowledge of thermodynamic properties, and in particular vapor-liquid equilibria (VLE), is important for many problems in science and engineering. Among the state-of-the-art thermodynamic models, molecular based approaches have the highest potential to yield significant improvements compared to existing phenomenological approaches, especially in terms of predictive power.
For the two-center Lennard-Jones plus point dipole (2CLJD) fluid and its quadrupolar pendant (2CLJQ), systematic studies of VLE were carried out in previous work [1, 2] .
The VLE results were correlated as functions of the model parameters, which were used to determine the model parameters for 78 real fluids [3, 4] . It has been shown that these molecular models can successfully be applied for the description of VLE for binary and ternary mixtures [5, 6, 7] . The simulation data from the two systematic studies [1, 2] were subsequently used to construct equation of state (EOS) contributions due to dipolar [8] and quadrupolar [9] interactions.
As numerous real fluids, e.g., carbon monoxide or refrigerants like R115 (CF 3 -CF 2 Cl) are both dipolar and quadrupolar, it is valuable to study multipolar model fluids. In case of mixtures, containing dipolar components and quadrupolar components, the polar cross-interaction also plays a significant role. However, only few studies on VLE of fluids that are both dipolar and quadrupolar are available in the literature. Without reference to real fluids, Dubey and O'Shea [10] studied VLE of one-center Lennard-Jones plus dipole and quadrupole model fluids.
Molecular theories for multipolar compounds were developed by Stell et al. [11, 12] , based on a perturbation theory around a non-polar reference fluid. A hard-sphere reference was considered by Rushbrooke et al. [13] and later by Henderson et al. [14] . The perturbation theory for mixtures was worked out by Gubbins and Twu [15] consider-ing point-electrostatic multipoles with the spherical Lennard-Jones reference fluid. The perturbation terms were initially parameterized to molecular dynamics results and this parameterization was subsequently improved by Luckas et al. [16] . The perturbation terms were in detail reported by Moser et al. [17] and Shukla et al. [18] and good results were found upon applying that theory to real mixtures [19, 20] . Boublik studied the effect of the non-spherical molecular shape on multipolar interactions, considering the pair correlation function of a Gaussian overlap fluid [21] .
An equation of state for the 2CLJD and the 2CLJQ fluid were developed by Saager and Fischer based on molecular simulations. A fixed elongation (L * = 0.505) was thereby considered and a dipole-dipole term and a quadrupole-quadrupole term were obtained by fitting empirical expressions to the simulation data [22, 23] . Dipole-quadrupole crossinteractions were subsequently treated with an effective one-fluid dipole moment which contains a contribution due to the quadrupole moments of the mixture [24] . Similarily an effective one-fluid quadrupole moment was defined where the dipole moments of components in the mixture contributed according to an empirical relation that was parameterized to simultion data.
Due to the success of the Statistical Associating Fluid Theory (SAFT) EOS [25, 26, 27, 28, 29] in various variants [30, 31, 32, 33, 34, 35] , the multipolar terms developed earlier for spherical fluids, were recently applied in combination with different SAFT models [36, 37, 38, 39, 40, 41, 42, 43, 44] . Zhao and McCabe used an integral-equation approach with the mean spherical approximation (MSA) closure in combination with the SAFT-VR EOS [45] . As structural information is available from the MSA term, the orientation of dipoles can be accounted for.
The authors of the present study have recently developed expressions that account for the non-spherical shape of fluids and found good results also for mixtures of 2CLJQ
and 2CLJD fluids as well as for mixtures of real substances [8, 9] . Furthermore, Kleiner and Gross [46] accounted for the polarizability of fluids and for the appropriate induction effects of dipoles in applying a renormalization scheme proposed by Wertheim [47, 48, 49, 50] . A combination of the perturbation theory of Moser et al. [17] and of Shukla et al. [18] , where the full vectorial and tensorial information of multipoles is utilized, with the approach of our earlier work [8, 9] is presented by Leonhard et al. [51] .
In this work, VLE of two-center Lennard-Jones model fluids which are both dipolar and quadrupolar (2CLJDQ) are systematically studied over a wide range of model parameters and temperatures. In reduced units, the 2CLJDQ model class has three molecular parameters that can be varied: elongation, dipole moment and quadrupole moment. Twelve different 2CLJDQ model fluids are covered here. Using these results, an EOS contribution for the dipole-quadrupole cross-interactions of non-spherical molecules is developed based on a third-order perturbation theory. Model constants are thereby adjusted to the simulation results of the 2CLJDQ fluid. Finally, the EOS contribution is compared to experimental and simulation data for five real binary mixtures.
Molecular model
The two-center Lennard-Jones plus point dipole and point quadrupole fluids (2CLJDQ)
is here investigated. The pair potential of this model class is composed of two identical
Lennard-Jones sites a distance L apart (2CLJ) plus a point dipole of moment µ and a point quadrupole of moment Q placed in the geometric center of the molecule. Both polarities are aligned along the molecular axis. The full potential writes as
where
In case of elongated fluids, for very small intermolecular distances |r ij |, the positive The parameters σ and ǫ were used for the reduction of all thermodynamic properties as well as the model parameters: 
Molecular simulation method
Throughout all pure fluid VLE simulations, the NpT + test particle method by Möller and Fischer [55, 56] was used. The chemical potential was calculated in the NpT ensemble by Widom's method [53] .
In all simulations a center-center cut-off radius r c = 5σ was used. Outside the cut-off sphere, the fluid was assumed to have no preferential relative orientation of the molecules, i.e. for the calculation of the Lennard-Jones long range corrections, orientational averaging was done with equally weighted relative orientations as proposed by Lustig [57] . Long range corrections for the dipolar interaction were calculated with the reaction field method [58, 22] , where the relative permittivity ǫ s was set to infinity. The quadrupolar interaction needs no long range correction as it disappears by orientational averaging. The same holds for the mixed polar interaction between dipoles and quadrupoles, cf. Weingerl and Fischer [24] .
Configuration space sampling was done with N = 864 particles for both liquid and vapor simulations in the NpT ensemble with Andersons barostat [59] . The reduced integration time step was set to ∆t m/ǫ/σ = 0.0015 and the reduced membrane mass parameter of the barostat was set to 2 · 10 −4 for liquid and to 10 −6 for vapor simulations.
Starting from a face centered lattice arrangement, every run was equilibrated over 10, 000 time steps. Data production was performed over 100, 000 time steps. For vapor simulations with L * = 1, especially those at low temperatures, the Monte-Carlo method was used to achieve equilibrium within an acceptable time range. The number of Monte- In some cases, where a highly dense and strongly polar liquid phase was present, the more elaborate gradual insertion scheme had to be employed to obtain the chemical potential sufficiently accurate. The gradual insertion method is an expanded ensemble method [60] based on the Monte Carlo technique. Here, the version proposed by Nezbeda and Kolafa [61] was used, in a form that was extended to the NpT ensemble [62] . Further simulation parameters for runs with gradual insertion were taken from Vrabec et al. [62] .
VLE data were determined for temperatures of about 55 % to 95 % of T * c (µ
In the whole temperature range all thermodynamic properties of both phases were obtained by simulation. 
Simulation results of VLE data
. Statistical uncertainties were determined with the method of Fincham et al. [63] and the error propagation law.
Figs. 1 to 8 illustrate the strong influence of both elongation and polar moments on the VLE data. Elongation and polar moments strongly influence saturated density and the vapor pressure curves. As can be expected, all three critical properties in Figs. 1 to 8, i.e. temperature, density and pressure, decrease with increasing elongation for a given set of polar moments and thus the phase envelopes migrate accordingly. For a constant elongation, they usually increase with increasing polar moments.
To determine the critical data quantitatively, the method of Lotfi et al. [64] was used.
The saturated density-temperature dependence near the critical point is well described by
, as given by Guggenheim [65, 66] . Therefore, the following correlations were fitted to simulated vapor pressure and saturated densities
The simultaneous fit of saturated densities, cf. Eqs. (7) and (8) Table 2 , which also contains the acentric factor ω ω µ
and the critical compressibility Thermodynamic consistency of the simulation data was validated with the ClausiusClapeyron equation
The vapor pressure correlation, cf. Eq. (6), was used for the left hand side of Eq. (10), while the right hand side was calculated from present simulation data. Within statistical uncertainties, Eq. (10) is fulfilled almost throughout.
Results from the present study can be compared with other data. Dubey and O'Shea
[10] studied VLE of model fluids with both point dipoles and point quadrupoles embedded in one Lennard-Jones site, but unfortunately out of our grid of molecular parameters. In previous work of our group [1] , VLE of 2CLJQ model fluids were studied, which is a limiting case here. 
where A 2CLJ is the residual Helmholtz energy of the 2CLJ reference fluid. The EOS of this reference fluid, A 2CLJ , can easily be constructed with Wertheim's Thermodynamic Perturbation Theory of first order (TPT1) [26, 27, 28, 29] . Although the TPT1 initially resulted in a description of tangent-sphere fluids, rather than fused-sphere configurations (such as the 2CLJ model), the TPT1 was shown to form a framework, where the 2CLJ fluid behavior can be recovered with high accuracy. A relation mapping the elongation L * of the 2CLJ fluid to the (noninteger) "number of tangent-spheres" m was earlier reported [9] . The other parameters of 2CLJDQ fluids, σ, ǫ, µ * and Q * , also need to be converted to those of the tangent-sphere model. This conversion is straightforward and it is referred to Table 1 of ref. [9] . The superscript "TS" is used here to indicate parameters of the tangent-sphere model, e.g. it is σ = σ T S . The EOS of the 2CLJ fluid is then
where g LJ (σ) is the value of the radial distribution function at the distance r = σ as proposed by Johnson et al. [68] . being the second and third order perturbation terms, respectively.
Expressions for
For linear and symmetric molecules, which are considered here, the second order term
reads in dimensionless form contain integrals over the three-body correlation functions. The available data base, including the simulation results of this study, is not sufficiently broad to justify an independent adjustment of expressions for both of these integrals and therefore the third order term is simplified to
It is thereby assumed that the integrals J 3,ijk , which appear in both A 
where η denotes the packing fraction, which is a dimensionless density. The relation between η and ρ depends on the considered EOS, cf. ref. [9] . The coefficients in Eqs. (16) and (17) depend on the chain length m with
and the combining rules of the chain length are given by
The simulation data of vapor pressure and saturated densities given in Table 1 was used to adjust the EOS constants in Eqs. (15) and (18) to (20) . The contributions due to the quadrupole-quadrupole interactions and the dipole-dipole interactions needed for optimizing these constants were taken from our earlier studies [8, 9] . Eleven constants, namely α in Eq. (15) as well as a 0n , b 0n and c 0n in Eqs. (18) to (20) , were adjusted in a first step to the present simulation results for spherical 2CLJDQ fluids, i.e. with L * = 0. The remaining fifteen constants a 1n , a 2n and b 1n , b 2n and c 1n were subsequently adjusted to present simulation results of elongated 2CLJDQ fluids, cf. Table 3 .
For the limiting case of non-polar 2CLJ fluids the EOS overpredicts the critical point.
During the adjustement of the model constants, the critical point was thus not enforced.
A comparison of the EOS to simulation data for saturated liquid and vapor denities is shown in Fig. 1 to 4 . Apart from systematic deviations around the critical point, the EOS describes the data with good accuracy. A comparison of the EOS to simulation data for vapor pressures is given in Fig. 5 to 8 . Some deviations become apparant for the highest elongation of L * = 1, while the vapor pressure curves of spherical 2CLJDQ fluids are found to be well described.
Application to polar mixtures
The proposed EOS can readily be applied to mixtures of dipolar and quadrupolar fluids. To assess the capability of the proposed EOS regarding the mixed polar interaction, it was compared to simulative and experimental VLE of the following five binaries: . Hence, the first three mixtures mentioned above exhibit the dipole-quadrupole crossinteraction, whereas the remaining two are dipolar or quadrupolar only and are limiting cases here. Simulative VLE calculations were performed on the basis of these molecular models in [69] , where one state independent binary parameter ξ for the unlike LennardJones interaction
was adjusted to one experimental vapor pressure following the procedure proposed in [5] . Table 4 contains the binary parameters derived in [69] and Table 5 compiles the binary VLE data from simulation in numerical form. As can be seen in Figs The components of, e.g., the mixture R142b+R113 have high dipole and quadrupole moments, leading to considerable dipole-quadrupole cross-interactions in the mixture.
The observation that the EOS predicts the mixture phase behavior well suggests that the polar cross-interactions are adequately captured by the new EOS model. This conclusion is supported by a calculation also shown in Fig. 12 , where the dipole-quadrupole crossiteractions between the two compounds are set to zero. This is done in order to illustrate the contribution that is due to the here proposed expression for A DQ . The EOS is for that case (dashed line) not in the vicinity of the data.
Conclusion
The VLE of dipolar and quadrupolar two-center Lennard-Jones fluids was studied by molecular simulation to derive a new EOS contribution for the dipole-quadrupole interactions of non-spherical fluids. The vapor pressure, saturated densities and saturated enthalpies were determined with the NpT + test particle method applying a gradual insertion scheme in cases of high polar densities. The EOS expression has the form of a perturbation theory of third order where coefficients were adjusted to the bulk properties of the fluids considered in this work. The EOS was subsequently applied to mixtures without adjustable parameters where an excellent agreement to experiment and simulation data was found.
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